Abstract. We study the behavior of linear nonstationary shallow water waves generated by an instantaneous localized source as they propagate over and become trapped by elongated underwater banks or ridges. To find the solutions of the corresponding equations, we use an earlier-developed asymptotic approach based on a generalization of Maslov's canonical operator, which provides a relatively simple and efficient analytic-numerical algorithm for the wave field computation. An analysis of simple examples (where the bank and source shapes are given by certain elementary functions) shows that the appearance and dynamics of trapped wave trains is closely related to a cascade of bifurcations of space-time caustics, the bifurcation parameter being the bank length-to-width ratio.
Introduction
Wave focusing, caustics, wavefront singularities, etc. normally occur in an inhomogeneous medium or in a medium confined in a domain with variable boundary. The wave field amplitude increases in the vicinity of such phenomena, which makes them interesting from the physical point of view. A caustic is often treated as an individual object; on the other hand, it is of interest how the presence of a set of caustics influences the global wave field. This influence was considered by Berry and his collaborators ( [3] ; see also [4] ) in the context of optics. Here we discuss close effects in water wave theory and study long waves generated by instantaneous localized sources and propagating over elongated underwater banks and ridges. Namely, we are interested in the asymptotics of the solution of the following Cauchy problem for the linearized shallow water equations in dimensionless variables on the two-dimensional plane R Here η = η(x, t) is the free surface elevation, the 2-vector u = u(x, t) is the horizontal velocity, D(x) is the (smooth) basin depth function, g is the acceleration due to gravity, the initial source function η 0 (z), z = (z 1 , z 2 ), is smooth and decays at infinity more rapidly than 1/|z| 1+κ , κ > 0, and the 2-vector x 0 specifies the source position. This problem is equivalent to the Cauchy problem
for the two-dimensional wave equation with the same velocity C(x) = gD(x).
Our situation is different from that discussed in [3] in that we deal with waves localized in the vicinity of closed curves (fronts) rather than rapidly oscillating everywhere on R 2 x . Here, as well as in [3] , one can observe a cascade of caustics under certain conditions on the velocity C(x), but these are spacetime caustics in our case. The wave fronts are the curves (in general, with turning points and points of self-intersection) near which the waves are localized; they are constant phase lines, just as in the case of oscillating waves. At each instant of time, the localized waves can be viewed as solitary waves in the direction normal to the wave front. We claim that such cascades of bifurcations of caustics result in wave trains and underlie the phenomenon of trapped waves propagating over elongated underwater banks and ridges.
Let us say a few words about this phenomenon. It is well known that underwater ridges and banks can produce trapped waves. Usually they are treated as stationary or quasi-stationary states of the 3D water wave problem or of the 2D Beltrami-Laplace operator −∇C 2 (x)∇ if the long wave approximation is used. Trapped waves are used to explain many effects in ocean physics, in particular, the fact that tsunami waves can travel long distances along ocean ridges without energy scattering.
There is a vast literature on the topic, and we mention only a few papers and monographs [2, 18, 19, 21, 24, 25, 28] , where one can find further references. Stationary problems for trapped waves have usually been considered for the case in which the depth function D(x) depends only on the variable x 1 or the polar radius r = x 2 1 + x 2 2 . To construct analytical formulas in a more general situation, one should use asymptotic methods (e.g., see [5, 7, 14, 20, 23] ). Wave propagation over underwater ridges in the nonstationary setting is not well studied. Our goal is to present simple asymptotic formulas and carry out some computations for a simple model example so as to demonstrate the relationship between trapped nonstationary waves and cascades of caustics produced by elongated banks. Numerical analysis of the corresponding Hamiltonian system shows that the number of caustics generated by the bank depends on the bank length-to-width ratio q (as well as on the depth over the bank and the bank height), so that there is a cascade of bifurcations of caustics in the system. For fundamentals of bifurcation theory, we refer the reader to [1, 16, 27] .
Waves generated by a localized source over a nonuniform bottom
Our analysis is based on the efficient asymptotic formulas obtained for the solutions of the Cauchy problem (1.1), (1.2) in the papers [6, [9] [10] [11] [12] [13] . According to these papers, the solution of problem (1.1), (1.2) splits into two parts, one corresponding to the propagation of a solitary vortex and the other corresponding to wave propagation. The description of each of these parts can be given in terms of the trajectories of a Hamiltonian system. Here we omit the vortical part and only deal with the wave part and the equivalent problem (1.3). In the four-dimensional phase space R and p = (p 1 , p 2 ), consider the following Cauchy problem 1 for the Hamiltonian system with Hamiltonian
where n(ψ) = (cos ψ, sin ψ). Let x = X(ψ, t), p = P (ψ, t) be the solution of problem (2.1). For further reference, note the following easy-to-verify properties of these functions:
where the angle brackets ·, · stand for the inner product on R 2 and |ξ| = ξ, ξ 1/2 . For each ψ, the functions (X(ψ, t), P (ψ, t)) define a curve known as a bicharacteristic (characteristic in the phase space) of problem (1.3). The closed smooth curve Γ t formed by the points of these bicharacteristics for given t as ψ varies in [0, 2π) is called the (time t) wave front in the phase space. The projection
x is called the wave front on the plane (in the configuration space), or simply the wave front. The solution of problem (1.3) is asymptotically localized in a neighborhood of γ t as µ → 0.
2
Unlike Γ t , the wave front γ t is not necessarily smooth. For t = 0, it degenerates into the point x 0 (in complete agreement with the fact that the solution is localized near the source position x 0 at the initial time). Next, for small t > 0, the wave front is a smooth curve (resembling a distorted circle), but for larger t it may have turning points and points of self-intersection. The turning points on γ t (and the corresponding focal points on Γ t ) are the points where X ψ = 0. The points where X ψ = 0 are said to be regular. The locus of turning points in the three-dimensional space-time R 3 x,t is called the space-time caustic and in general position looks like a cusp. If the underwater bank (or ridge) is sufficiently long, then, for larger t, new singular points emerge on the front; they form new space-time caustics, and thus a cascade of such caustics may appear depending on the bank parameters. The solution amplitude is known to increase near the caustics, and so this geometrical-optics phenomenon of a cascade of caustics in the characteristics (2.1) manifests itself in the solution of problem (1.3) as a trapped wave train propagating over the ridge.
After this qualitative description of the solution of problem (1.3), let us write out the asymptotic formulas for the free surface elevation η as µ → 0. They depend on whether we deal with a neighborhood of a regular or a turning point of the wave front, and we consider the two cases separately.
Wave field near the regular points
One can specify a point x in a neighborhood of a regular point x * = X(ψ * , t * ) ∈ γ t * by the coordinates (ψ(x, t), y(x, t)), where ψ(x, t) is determined from the condition
of orthogonality of the vector x − X(ψ, t) to the vector X ψ tangent to γ t at the point X(ψ, t) and y(x, t) is the signed distance between x and X(ψ(x, t), t). Next, we need the Morse index m = m(ψ, t) of the trajectory {X(ψ, τ ), τ ∈ (0, t]} defined as the number of turning points on this trajectory, or, which is the same, the number of sign changes of the Jacobian
where (Ẋ, X ψ ) is the 2 × 2 matrix with columnsẊ and X ψ , on the interval (0, t]. (In view of (2.2), one has
so that the Jacobian J(ψ, t) vanishes exactly at the same points as X ψ (ψ, t).) Clearly, m(ψ, t) is constant in a neighborhood of any regular point. Finally, we introduce the phase function
and the shape function
where
is the Fourier transform of η 0 (z). The asymptotics of the solution of problem (1.3) in a neighborhood of the point (x * , t * ) has the form [12] η(x, t) = µC(x 0 ) |X ψ (ψ, t)|C(X(ψ, t), t)
Re e −iπm(ψ * ,t * )/2 F S(x, t) µ , ψ ψ=ψ(x,t)
Remark 2.1. If x * is a point of self-intersection of γ t * , then for the asymptotics in a neighborhood of x * one should take the sum of all contributions (2.6) of the branches of γ t * that meet at x * ; if, for some of these branches, x * is a turning point, then the corresponding contributions are given by formula (2.10) below rather than by (2.6).
Wave field near the caustics
Let (x * , p * ) = (X(ψ * , t * ), P (ψ * , t * )) be a focal point on Γ t * . The Jacobian
(where (P (ψ, t), P ψ (ψ, t)) is the 2 × 2 matrix with columns P (ψ, t) and P ψ (ψ, t)) is nonzero at the point (ψ * , t * ). Indeed, 8) where α(ψ, t) is the angle between the vectors P (ψ, t) and P ψ (ψ, t)). Since X ψ (ψ * , t * ) = 0, it follows from the rank condition in (2.2) that P ψ (ψ * , t * ) = 0. Finally, the vectors P ψ (ψ * , t * ) and P (ψ * , t * ) are orthogonal, which readily follows by differentiating the relation |P (ψ, t)|C(X(ψ, t)) = const, and so sin α(ψ * , t * ) = ±1. Let t(ψ, x) be the local implicit function determined by the equation
and let e(ψ, t) be a cutoff function supported in a sufficiently small neighborhood of (ψ * , t * ), so that J(ψ, t) = 0 on the support of e(ψ, t). The asymptotics of the solution of problem (1.3) in a neighborhood of the point x * has the form (see, however, Remark 2.1 above)
η(x, t) = Re 1 2π e −iπm(ψ * ,t * )/2 C(x 0 )
This representation is new and replaces another, more complicated formula based on the standard version of Maslov's canonical operator (and involving mixed coordinate-momentum representations), which was used in [13, 22] . We omit the derivation of formula (2.10); it is based on a new representation of the canonical operator, which will be discussed in detail in a forthcoming paper by the authors. Here we only explain how to recover (2.6) from (2.10) near a regular point of the wave front close to (x * , t * ). Thus, consider such a regular point ( 
(To compute the derivative ∂t(ψ, x)/∂ψ, we have taken the differential of the left-hand side of (2.9) and used relations (2.2).) Together with (2.9), this gives P (ψ, t(ψ, x)), x − X(ψ, t(ψ, x)) = 0, P ψ (ψ, t(ψ, x)), x − X(ψ, t(ψ, x)) = 0, and since the Jacobian (2.7) is nonzero, we see that
at the stationary points. For x = x • , the stationary point equation has the solution ψ = ψ • . By differentiating the left-hand side of (2.11), we find that
at the stationary points. Since the vectors P (ψ, t) and X ψ (ψ, t) are orthogonal by (2.2), we have
where α(ψ, t) is the angle between the vectors P (ψ, t) and P ψ (ψ, t)). By combining this with (2.8), we obtain
This expression is nonzero at the point (
is close to the singular point (x * , t * )). By the implicit function theorem, there exists a unique nondegenerate stationary point ψ = Ψ (x) for x close to
and we can apply the the stationary phase method to the inner integral in (2.10), thus obtaining, in view of (2.13),
where θ(v) = (1 + sign v)/2 is the Heaviside function and T (x) = t(Ψ (x), x). Note that the pair (Ψ (x), T (x)) is the solution of the system x = X(Ψ, T ) in a neighborhood of (ψ • , t • ). Let us simplify the expression (2.14). The integral on the second line gives the shape function (2.5), and it can be shown that
A straightforward computation shows that
in a neighborhood of (ψ • , t • ), where S(x, t) is the phase function (2.4). Indeed,
by (2.2). Next, from (2.3), with regard to (2.2), we have
in a neighborhood of (ψ • , t • ). By combining (2.17) with (2.18), we readily arrive at (2.16).
Since the function F (s, ψ) decays as s → ∞, it follows from (2.16) that the expression (2.15) coincides with (2.6) modulo o(µ 1/2 ). The proof of the proposition is complete. (We have omitted some technical details, which can be found for a similar situation in [13] .)
Bifurcation of space-time caustics and cascades of caustics
Now we proceed to a simple example illustrating our general considerations. Consider the underwater bank determined by the basin depth function
where a 0 , a 1 , a 2 , b 1 , and b 2 are positive parameters. The source is placed at the origin, x 0 = (0, 0). Furthermore, we use the parameter values a 0 = 0.5, a 1 = 0, a 2 = 350, and b 1 = 40 in all the computations and vary only the parameter b 2 , which plays the role of a bifurcation parameter in our analysis. Figures 1-4 show parts of the wave front at the successive instants of time t 1 = 400, t 2 = 500, t 3 = 1000, t 4 = 1500, and t 5 = 2000 as the wave generated by a localized source at t = 0 passes over the elongated underwater banks given by the expression (3.1). The wave fronts were computed in the sector ψ ∈ [π/4, 3π/4]. The bank length parameter is taken to be b 2 = 95 for Fig. 1, b 
Trapped wave trains associated with cascades of caustics
Let us show how the wave field is computed in our example according to the asymptotic formulas (2.6) and (2.10). To simplify the formulas, we use a special choice of η 0 (z); namely,
where B 1 , B 2 , and A are positive parameters. This source, which generalizes the one used in [15, 25, 29] , has very useful and apparently unique properties (see [6, 8, [11] [12] [13] 26] ) and provides an opportunity to express the asymptotic solution formulas in terms of elementary functions. The last property is related to the special form of the Fourier transform of this function, Owing to this simple form, one can express the integral (2.5) via elementary algebraic functions, where
The function (2.10) can be expressed in terms of algebraic functions in this case as well. However, the corresponding expression is somewhat more awkward than (4.2), and we omit it here; it can be found in [13, 22] . Figure 5 shows the initial free surface elevation (4.1). Now let us describe the computations themselves. First, one should compute the Jacobians J = det(Ẋ, X ψ ) and J = det(P, P ψ ) to find the domains where the representations (2.6) and (2.10) can be used. (These representations hold where the respective Jacobians are nonzero.) By way of example, Figure 6 shows the graphs of the Jacobians J (dashed line) and J (solid line) at time t = 2000 for the bifurcation parameter value b 2 = 280 (which corresponds to Fig. 4) . Solid vertical lines correspond to focal points. After that, it remains to use formulas (2.6) and (2.10) in the corresponding domains. A Figure 6 . The Jacobians J (dashed line) and J (solid line) at time t = 2000 for the bifurcation parameter value b 2 = 280. sample 3D plot of the computed asymptotic solution is shown in Fig. 7 . We see that there is indeed a wave train moving along the elongated underwater bank and that the wave pattern in the train closely resembles the pattern of the cascade of caustics shown for the corresponding time in Fig. 4 .
Conclusion
We use the problem on the propagation of waves generated by instantaneous localized sources over elongated underwater banks to show that, in the multidimensional case, such sources can generate wave trains even in dispersion-free (but inhomogeneous) media. This phenomenon is related to focusing effects and the bifurcation of cascades of nested space-time caustics.
